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Let G be a graph whose vertices have positive degrees d 1 . . . . .  d~, respectively, and let L(G) 
be the Laplacian matrix of G. When G is a tree or a bipartite graph we obtain bounds for the 
permanent of L(G) both in terms of n only and in terms of d 1 . . . . .  d,. Improved bounds are 
obtained in terms of the diameter of T and the size of a matching in T. 
1. Introduction 
Let G = (V, E) be a graph without loops or multiple edges with vertex set 
V={vt  . . . . .  v,} and edge set E. The adjacency matrix A =A(G)=[a i i ]  of G is 
an n x n symmetric matrix of O's and l 's  with a~ i = 1 if and only if vi and vj are 
joined by an edge. Since G has no loops, the main diagonal of A contains only 
O's. Suppose the valence or degree of vertex vl equals ~ for i = 1 . . . . .  n, and let 
D = D(G) be the diagonal matrix whose (i, /)-entry is 4- The matrix L = L(G)= 
D(G) -A(G)  has been called the Laplacian matrix of G. Of course, L(G) 
depends on the ordering of the vertices of G chosen. However, a different 
ordering leads to a matrix which is permutation similar to L(G). The matrix L(G) 
is also a symmetric matrix, but has the additional property that all row and 
column sums are zero. In particular, L(G) is a singular matrix, indeed a singular 
M-matrix (see [2] for the definition of an M-matrix). 
One reason for the interest in the Laplacian matrix L(G) is its importance in 
the study of the complexity K(G) of G. This number K(G) is defined to be the 
number of spanning trees of G. It is a classical result [1, Theorem 6.3, p. 34] that 
each cofactor of L(G) equals the complexity K(G) of G. Another reason for 
interest in the Laplacian matrix is the possibility of using it to distinguish 
non-isomorphic graphs in a way that the adjacency matrix does not. It has been 
proposed in [4] to use the polynomial per(xI-L(G)) to distinguish non- 
isomorphic trees. Here per(.) denotes the permanent function of a square matrix 
[6]. For more background on this topic, we refer the reader to the articles [4] and 
[5] and the references contained therein. 
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Our interest in this note concerns bounds for the Laplacian permanent 
per L(G) when G is a tree, or more generally, a bipartite graph. In the next 
section we obtain bounds on the Laplacian permanent for trees which depend 
only on the number of vertices, the size of a matching, and the length of a path. 
Since a connected bipartite graph has a spanning tree, the lower bounds will hold 
also for connected bipartite graphs. In addition, we obtain bounds for the 
Laplacian permanent of a connected bipartite graph in terms of the number of 
vertices in each set of its bipartition. In the final section we obtain bounds for the 
ratio of the Laplacian permanent of G to the product of the degrees of the 
vertices. This allows us to obtain lower bounds for the Laplacian permanent in
terms of the degrees of the vertices. 
2. Bounds for the Laplacian permanent 
We assume throughout that G is a graph with vertex set V = {Vx . . . . .  vn} where 
vi has positive degree ~ (i = 1 . . . . .  n). Let K_~{1,.. . ,  n} and denote by H(K) 
the set of all subgraphs H of G having both of the following properties: 
(2".1) The vertices of H are {vl :i ~ K}. 
(2.2) Each connected component of H is either an edge or a cycle. 
For H~I-I(K), let c(H) denote the number of components of H which are cycles 
and let c0(H) be the number of odd length. Then an argument similar to the one 
given in the proof of Theorem 2.1 in [4, pp. 276-277] yields the following. 
Lemma 2.1. For a graph G with n vertices, 
per L(G) = ~ ~ (-1)%cm2ctm I I ~. (2.3) 
K_~{1....,n} HEH(K) i ¢ K 
The proof requires only an identification of the terms in the permanent 
expansion of L(G) with certain subgraphs of G. Let us note also that c0(H)---- 
IKI (mod 2), since each component of H which is not a cycle of odd length has an 
even number of vertices. Thus in the above formula (-1) %~m could be replaced by 
(-1) Irl. 
Now suppose that G is a bipartite graph. Then G has no cycles of odd length, 
and it follows that all summands in the formula (2.3) are nonnegative. Thus, if G' 
is a bipartite graph obtained from G by including additional edges and/or vertices 
of positive degree, then perL(G')>perL(G).  For KE{1 . . . . .  n}, let H0(K) 
denote the subset of H(K) consisting of those subgraphs H of G satisfying (2.1) 
and 
(2.4) Each connected component of H is an edge. (Thus H is a matching 
meeting the vertices {v~ :i e K}.) 
Lemma 2.2. If G is a bipartite graph with n vertices, then 
per L(G) >i ~ mr l"I 4, (2.5) 
K~{l,...,n} i~tK 
Permanent ofthe Laplacian matrix 3 
where rntc is the number of subgraphs in Ho(K). Equality holds in (2.5) if and only 
if G has no cycles, and thus holds for trees. 
Proof. The inequality (2.5) follows from (2.3) and the nonnegativity of its 
summands for bipartite graphs. (In fact, if G is bipartite and IL(G)I is the matrix 
whose entries are the absolute values of the entries of L(G),  then per IL(G)I = 
per L(G).) The right hand side of (2.5) contains all the summands in (2.3) exactly 
when G has no cycles. 
By taking K=¢ in (2.5) we obtain the summand dx""  d,. Now suppose 
IK I=2,  and let K={i,]}.  If there is an edge e =[vi, v~] joining vl and v i, then we 
obtain the term 
Let 
e(d~ . . . . .  d. ) :=  (d~ • • • ak)/~d~ 
d(G)  = Y. e(d  . . . . .  d.) .  
eEl~ 
Recall that a graph with n vertices is a star if it has one vertex (the center) of 
degree n -  1, and the remaining vertices have degree 1. 
Lemma 2.3. I f  G = ( V, E) is a bipartite graph then, 
per L(G) >I dx " " • d~ + d(G), 
with equality if and only if G is a star. 
(2.6) 
Prooi.  The inequality (2.6) follows, as shown above, from (2.5) by considering 
only those K with IK[ = 0 or 2. Thus equality holds in (2.6) if and only if it holds 
for (2.5) and G has no matching of 4 vertices. Thus equality holds if and only if G 
is a star. 
From Lemma 2.3 we can obtain the following result which is essentially that of 
Merris [5] as conjectured in [4]. This will turn out to be a special case of Theorem 
3.3. 
Theorem 2.4. Let G be a connected bipartite graph with n vertices. Then 
per L(G)>i 2(n - 1) 
with equality if and only if G is a star. 
(2.7) 
Proof. Let the degrees of the vertices of G be dx . . . . .  d,,. Then ~>1 
(i = 1 . . . . .  n) and d~ +. • • + d~ >I 2(n - 1), since G has a spanning tree with n - 1 
edges. It follows that dl • • • d~/> n -  1. Moreover, G has at least n -  1 edges so 
that d(G)~> n-1 .  The theorem now follows from Lemma 2.3. 
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We now seek an upper bound for the Laplacian permanent of a tree. Recall 
that the path P, with n vertices is a tree with two vertices of degree 1 and the 
remaining vertices of degree 2. We agree that the graph with a single vertex is 
also a path P~. With an appropriate ordering of the vertices of P,, we have 
1 -1 
-1  2 
L(P,) = 0 -1 
0 0 
0 0 
0 . ' .  0 0- 
-1  - - -  0 0 
2 - . .  0 0 
. . . o 
0 - . -  2 -1  
0 . . . .  1 1 
Let Q,  be the matrix obtained from L(P,+O by eliminating row 1 and column 1. 
Then expanding the permanent of Q,  along the first row we obtain 
perQ.=2perQ._x+perQ._2 (n ~>3). (2.8) 
This recurrence relation along with per Q1 = 1, per Q2 = 3 determines per Q.  for 
all n >~ 1. For later use we define per Q0 = 1 so that (2.8) holds for n = 2 as well. 
Expanding the permanent of L(P.)  along the first row, we obtain 
perL(P. )=perQ._ l+perQ.-2 (n>~3). ~2.9) 
Combining (2.8) and (2.9) gives 
per L(P.) -- 2 per L(P._I) + per L (P._2) (n >I 3). (2.10) 
This along with per L (Px)=0 and per L (P2)=2 determines per L(P.)  for all 
n I> 1. Thus per L(P.) and per Q. satisfy the same recurrence relation but with 
different initial conditions. This recurrence relation can be solved using standard 
procedures to get the following formulas: 
per 0,, = ½(i +,,/2)" +½(1-4~)",  (2.11) 
2+,/5 2-~c2 (1 +4~)" +- -7  (1 -vr2)" (2.12) perL (P . )= 2 
No further use is made of these formulas. 
Theorem 2.5. Let G be a tree with n vertices. Then 
per L(G) ~<per L(P.)  
with equality i[ and only i[ G = P.. 
(2.13) 
lh~mf. When n = 1, 2, or 3, the theorem holds, since then the only trees are 
paths. Let n~>4. Suppose G#P, .  Then G has a vertex of degree r greater than 2. 
Let to1, to2 . . . . .  t,~-l, t0k (k ~2)  be a path of G such that tot has degree 1, 
to2 . . . . .  tok_l have degree 2, and tok has degree r I> 3. Let o~ also be joined by an 
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edge to Ul . . . . .  u~_ 1 (see Fig. 1). Let G'  be the graph obtained from G by 
removing the vertices ~Ol . . . . .  o~ and all incident edges. It follows that G '  has 
• -1  connected components, each of which is a tree. 
Ul 
o~ 
'~r--I 
Fig. 1. 
The Laplacian matrix of G has the form 
1 -1  
0 
-1  2 
2 -1  
0 
-1  2 
- . .  -1  
0 
• -1  
-1  
0 
0 
L (G)= 
""  0 
L1 
0 
0 
• - -1 -1  0 - - -  0 
0 
L,-1 
Let t~ = per L(G)  and let t,-i be the permanent of the Laplacian matrix of the 
tree obtained from G by removing vertices (Ol . . . . .  ¢ai and all incident edges 
(i = 1 . . . . .  k -  1). In addition let (t~)i be the permanent of the matrix obtained 
from L(G)  by eliminating rows 1 . . . . .  i and columns 1 . . . . .  i. Then expanding 
per L(G)  on the first row and using the linearity of the permanent as a function of 
any row, we obtain 
t, = t,-1 + 2(t,)2. 
Using the linearity of the permanent again, we see that 
(~n)2 = tn--2"l- (~rt)3, 
so that 
t .  = fn_ l+2fn_2+2( f . )3  
Continuing like this, we obtain 
= t~_l  + 2t~-2  +"  • " + 2t , , -k+l  + 2(t~)k. (2 .14)  
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Now ( t , )k=per(L1~ .. .~)L,_I). Let G" be the tree obtained from G '  by 
putting in edges [ul, u2], [u2, u3] . . . . .  [u,-2, u,-1]. Then from the nonnegativity of
the summands in the Laplacian permanent expansion (2.3), it follows that 
(t,)k <<-per L(G"). Combining this with (2.14) we obtain 
t, ~< t,-1 + 2t,_2 +- • • + 2t~_k+~ + 2 per L(G"). (2.15) 
We now proceed by induction on n. Let 19, =per  L(P,)  so that by (2.10) 
p. = 2pn-~ + p.-2 (n ~>3). (2.16) 
Applying the inductive hypothesis, we obtain from (2.15) that 
t~ ~< p._l + 2p.-2 +" • • + 2p.-k-1 + 2p.-k (2.17) 
Iterating (2.16) we obtain 
p,~ = P,~-I + Pn-I + Pn-2, 
Pn = Pn-1 + 2pn-2 + Prt-2 + Pn-3, (2.18) 
P. = P.-1 + 2p. -2+ " " " + 2P.-k+l + P.-k+1 + P.-k- 
Since p._k<p._k+l, it follows from (2.17) and (2.18) that t,,<p.. Thus (2.13) 
holds with strict inequality, and the theorem is proved by induction. 
The lower bound (2.7) for the Laplacian permanent of a tree G with n vertices 
can be improved if it is assumed that G has additional structure. Stars with n 
vertices can be characterized within the set of all trees with n vertices by either of 
the two properties: 
(i) Each matching contains only one edge (n ~> 2). 
(ii) The length of a longest path (diameter) is 2 (n ~> 3). 
Hence in improving (2.7) for trees it is natural to impose some lower bound on 
the size of a matching or the length of a path. We consider first trees which have a 
matching of m edges, called an m-matching. 
Let k and r be nonnegative integers, and let n=2k+r+l .  We define a tree 
S(n, k, r) with n vertices as follows: S(n, k, r) is obtained from a star T with 
k + r + 1 vertices by attaching a pendant edge to k noncentral vertices. We call 
S(n, k, r) a spur and note that it has a matching of m = k + r' edges where r' = 0 if 
r = 0 and r' = 1 if r > 0. The center of S(n, k, r) is the center of the star T. In Fig. 2 
we have drawn S(13,5,2). We note that a spur with k>0 has at least two 
m-matchings unless r = 1. In case r = 1, then m = k + 1 = ½n and m-matching is a 
Fig. 2. The spur $(13, 5, 2) with center u. 
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perfect matching in the sense that each vertex meets an edge of the matching. It is 
easy to prove by induction that a perfect matching of a tree is unique when one 
exists. 
Lemma 2.6. Let T be a tree with n > 2 vertices and a perfect matching. Then T has 
a pendant edge which meets a vertex of degree 2. 
Proof. We need only root T at a vertex r and choose a pendant vertex v furthest 
from r. Let e = Iv, w] be a pendant edge. If w did not have degree 2, there would 
be a pendant vertex u ~ v joined to w and T could not have a perfect matching. 
Lemma 2.7. Let T be a tree with n vertices and an m-matching where n > 2m. 
Then there is an m-matching ~. and a pendant vertex v such that g~ does not meet v. 
Proof. For n ~<3 the result clearly holds. We assume n >3 and proceed by 
induction. Consider an m-matching 12 of T. Root T at a vertex r and let v be a 
pendant vertex furthest from r. Let Iv, w] be the pendant edge meeting v. If [v, w] 
does not belong to 12, the conclusion follows. So we may assume Iv, w ] belongs to 
12. If w does not have degree 2, then there is a pendant vertex ~ v joined to w 
which does not meet 12. Thus we may assume w has degree 2. Let [w, w'] be an 
edge with w '~ v, and let T' be the tree obtained from T by removing vertices v 
and w and edges [v, w] and [w, w']. Then T' has n '=n-2  vertices and an 
m'-matching where m'= m-  1. Since n '>2m' ,  it follows by induction that T'  has 
an m'-matching ix' and a pendant vertex v' not meeting /z'. If v '~  w', then 
t~'U{[v, w]} is an m-matching of T not meeting the pendant vertex v' of T. If 
v '=  w', then Ix' U{[w, v']} is an m-matching of T not meeting the pendant vertex 
v. Hence the lemma holds by induction. 
We now compute the permanent of the Laplacian matrix of a spur. 
Lemma 2.8. per L(S(n, k, r)) = 3k- l (6r+4k).  
Proof. The first row of L(S(n, k, r)) can be taken in the form 
(k+r,  1, 0 . . . . .  1, O, 1 . . . . .  1) 
where there are k pairs of 1, 0 and r l's. The first column is the transpose of the 
first row. The rest of L(S(n, k, r)) is a block diagonal matrix with k diagonal 
blocks equal to 
and r diagonal blocks equal to [1]. If we calculate the permanent by an expansion 
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along the first row, we obtain 
(k + r)3 k + k3 k-1 + r3 k = 3k-l(4k + 6r). 
We now come to a main result. 
Theorem 2.9. Let T be a tree with n vertices and an m-matching where m >t 1. 
Then 
per L (T) I> 3"-2(6n - 8 m + 2), (2.19) 
with equality if and only if T is the spur S(n, m - 1, n -2m + 1). 
Proof. Since T has an m-matching, n I> 2m. First suppose n = 2m so that T has a 
perfect matching. We prove that per L(T)~>3"-2(4m+2) with equality if and 
only if T is the spur S(2m, m - 1, 1) by induction on m. If m = 1 or 2, then since T 
has a perfect matching, T must be the spur S(2m, m - 1, 1). We now suppose 
m I> 3 and proceed by induction. By Lemma 2.6, T has a pendant edge v which 
meets a vertex w of degree 2. Thus Iv, w] is an edge and there is a unique vertex 
u ~ v such that [w, u] is an edge. Let T'  be the tree with 2(m - 1) vertices and an 
m - 1 matching obtained from T by deleting vertices v and w and edges [v, w] 
and [w, u]. By the inductive assumption 
per L(T ' )  >! 3m-3(4(m - 1) + 2) (2.20) 
with equality if and only if T'  is the spur S (2m-2 ,  m -2 ,  1). Let the degree of 
vertex u in T be d + 1 so that u has degree d ~> 1 in T'. Then with a suitable 
ordering of the vertices: v, w, u . . . . .  we have 
ii ]01 ol d x 
i . . . . . . . . . . . . . . .  
i ,a~-2 -1  : 
n a 
a i 
a o 
, -1  b ' i m - 2  t 
u . . . . . . . . . . . . . .  J 
b~-l_ 
So a simple calculation gives 
per L(T) = 3 per L(T')  + 4 per A. (2.21) 
Since T' has a perfect matching of m - 1 edges, then with a suitable ordering of its 
vertices, A has the form 
al -1  
. 
-1  bl 
. . . . . . . . . . . .  0 
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where aa ~>2 (i = 1 . . . . .  m-2)  and bi/> 1 (i = 1 . . . . .  m-  1). It follows that 
per A ~ 3 "-2. (2.22) 
Combining (2.20), (2.21), and (2.22) and using Lemma 2.8, we obtain 
per L(T) >- 3m-2(4m - 2) + 4-  3 " -2  = 3"-2(4m + 2) 
= per L(S(2m, m - 1, 1)). (2.23) 
Suppose equality holds in (2.23). Then equality holds in (2.20) and it follows by 
the inductive assumption that T '  is the spur S (2m-2 ,  m-2 ,  1). Moreover, 
equality holds in (2.22) and we conclude that al . . . . .  a,,-2 = 2 and bl . . . . .  
bin-1 = 1. From this it follows that vertex u is the center of the spur S(2m -2 ,  m - 
2, 1), and hence that T is the spur S(2m, m - 1, 1). This completes the induction 
on m and proves the theorem when n = 2m. 
We now suppose n > 2m and proceed by induction on n. By Lemma 2.7 T has 
an m-matching t~ and a pendant vertex v such that t~ does not meet v. Let w be 
the unique vertex such that Iv, w ] is an edge, and let the degree of w be d + 1. Let 
T '  be the tree obtained from T by removing vertex v and edge Iv, w]. Then T '  
has n -  1 vertices and has an m-matching. By the induction assumption, 
per L(T') I> 3"-2(6n - 8m - 4) (2.24) 
with equality if and only if T'  is the spur S(n -1 ,  m-1 ,  n -2m) .  Ordering the 
vertices of T as v, w . . . . .  we obtain 
L(T) = 
1 -1  
-1  d+l  
0 
y 
0 
. . . 
x 
A 
O. 
L(T') = [d_~_] ,  
Lyl AJ  
and a simple calculation gives 
per L(T) = per L(T') + 2 per A. (2.25) 
Since T'  has an m-matching, it follows as in the previous induction that 
per A ~ 3 "-1. (2.26) 
Combining (2.24), (2.25), and (2.26) and using Lemma 2.8 we obtain 
perL (T )>~3"-2(6n-8m+2)=perL (S(n ,m- l ,n -2m+l ) ) .  (2.27) 
Suppose equality holds in (2.27). Then equality holds in (2.24) and in (2.26). By 
the inductive assumption T '  is the spur S(n -  1, m-  1, n -2m) .  It again follows as 
in the previous induction that vertex w is the center of S(n-1 ,  m-  1, n -2m) ,  
and hence T is the spur S(n, m- l ,  n-2m+l ) .  Thus the theorem is proved by 
induction. 
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Fig. 3. The broom B(9, 5, 4) with junction u. 
We now consider trees with n vertices which have diameter at least k and 
derive a lower bound for the permanent of their Laplacians which depends only 
on n and k. Let k and r be positive integers, and let n = k + r. We define a tree 
B(n, k, r) with n vertices as follows: B(n, k, r) is obtained from the path Pk with k 
vertices by attaching r pendant edges to an endvertex u of Pk. We call B(n, k, r) a 
broom with junction u. We note that the largest length of a path of B(n, k, r) is k, 
that B(n , l ,n -1 )  and B(n, 2, n -2 )  are both stars, and that B(n, 3, n -3 )  is a 
spur S(n, 1, n - 3). In Fig. 3 we have drawn B(9, 5, 4). 
Recall that O,  (n t> 1) is the n x n matrix obtained from L(P,÷I) by deleting 
row 1 and column 1, and that per Q,  satisfies the recurrence relation (2.8) with 
per Q0 = 1 and per Q1 = 1. 
Lemm~ 2.10. Let k >12 and r >I 1 be integers and let n = k + r. Then 
per B(n, k, r) = (2r+ 1) per Ok_l + per Ok-2- 
Proof. With an appropriate ordering of the vertices of B(n, k, r), we see that 
L(B(n, k, r))= 
1 -1  
-1  2 
0 
0 
0 
0 
2 
-1  
0 
0 
i 
-1  0 
2 -1  
-1  r+ l  
-1  
! 
-1  
-1  . . . .  1 
1 0 
0 1 
m 
where the upper left block is a (k -  1)x (k -  1) matrix. By expanding the perma- 
nent along row k we obtain 
perL(B(n,  k, r)) =per  Qk_2+(r+ 1) per Qk_l + r per Qk-1, 
and the result follows. 
From Lemma 2.10 we immediately obtain the following. 
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Corollary 2.11. For positive integers k and r, 
per B(n, k, r) = per B(n - 1, k, r -  1) + 2 per Qk-1- 
11 
Using the formula for per Q. given in (2.11) and Lemma 2.10 we can easily 
obtain a formula for per B(n, k, r). 
The following lemma is required for the next main result. 
Lemma 2.12. Let n, j and k be positive integers with l~<k<j~<-~(n+l).  Then 
( -  1) k (per Qi- 1 per Q. _i - per Qk- x per Q. _ k) > 0. 
Proof. Let o'k.i =per  Qi-1 per O,~-i -per  Qk-1 per Q.-k. By successive cancella- 
tion, it follows that 
i -1  
trk.i = ~ (per Qi per Q._ i _x -per  Qi-x per Q.- i) .  
i=k  
First suppose that i is odd. Then by application of the recurrences (2.8) and (2.9), 
and using per Q0 = per Q1 = 1, we obtain 
per Q~ per Q . - i -1 -per  Qi-1 per Qn-i 
= (2 per Qi-x +per  Qi-2) per Q.- i -1 -per  Qi-a(2 per Q~-i-1 +per  Qn-i-2) 
= per Qi-2 per Q.-i-1 -per  Qi-1 per Qn-i-2 
= per Qi-2(2 per Q.- i -2 + per Q._i_s) - (2 per Qi-2 + per Qi-s) per Q.- i -2 
= per Qi -2 per Q._i_3 - per Qi-3 per Qn-i-2 
~o o o 
= per Qf per Q.-2i -per  Qo per Q~-2i+1 
= per Qn-2i-per Q.-2i+x 
= per Q.-21 - (2 per Q.-2i +per  Q.-2i-O 
= - (per  Q.-21 +per  Qn-2i-O = -per  L(P.-2i+x). 
Similarly when i is even, we obtain 
per Q iQ . - i - l -per  Qi-1 per Q.- i  =per  Qo per Q~-zi+x-per Q1 per Q.-2i 
Hence 
= per L(P.-2i+0. 
i - -1  
~rk. i = ~ (-1) i per L(Pn-2i+l)- 
i=k 
Since clearly, 
per L(P,)>per L(P,_O for t>~2, 
we conclude that (--1)kO'k.i >0,  proving the lemma. 
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Corollary 2.13. Let n and ] be positive integers with l~<]~<½(n+l). Then 
per Qi-1 per Q,_j ~>per 0 , -2  
with equality if and only if ] = 2. 
Proof. When ] = 1 or 2, the result clearly holds. When ] > 2, the result follows by 
taking k = 2 in Lemma 2.12. 
Our purpose in proving Lemma 2.12 is to obtain Corollary 2.13, but we note 
that Lemma 2.12 has the following interesting consequence. Let Vl, v2 . . . . .  v. be 
the vertices of the path P. where [vl, vi+l] is an edge for i=  1 . . . . .  n -1 .  Let 
1 <~i<~½(n+ 1) and let T..i be the tree obtained from P. by inserting a pendant 
edge at v~. Expansion of the permanent of L(T~.~) on the row corresponding to 
vertex v~ gives 
per L(T,4~) = per L(P,) + 2 per Qi-1 per Q,_~. (2.28) 
Let l<~k<]~½(n+l) .  From Lemma 2.12 we see that 
per Qk-1 per Q,-k <per  Qj-1 per Q,_~ ¢~ k is even. (2.29) 
Hence inserting the pendant edge closer to the end of P, than vk gives a smaller 
Laplacian permanent if and only if k is even. From this we see how to order 
{per L(T..i) : 1 ~< i ~<½(n +1)} according to size. For example, when n = 13, we 
obtain 
per L(T13,2 )<per  L(T13.4 )<per  L(T13.6 )<per  L(T13,7 )
<per  L(T13.5) <per  L(T13.3) <per  L(Zl3.1) = per L(PI4). 
We now show that brooms have the property that the permanent of their 
Laplacians are minimal for a given path length. 
Theorem 2.14. Let k be a positive integer, and let T be a tree with n vertices having 
diameter at least k. Then 
per L(  T) ~>per L(B(n, k, n - k )) 
with equality if and only if T is the broom B(n, k, n - k). 
Proof. Since T has a path of length k, n >I k + 1. For k fixed we prove the 
theorem by induction on n. If n = k + 1, then T having a path of length k is the 
path Pk+l. Since B(k + 1, k, 1) is Pk+l, the theorem holds when n = k + 1. We now 
assume n > k + 1 and proceed by induction. Since n > k + 1, it follows that T has a 
pendant vertex v with corresponding pendant edge Iv, w] such that the tree T' 
obtained from T by deleting v and [v, w ] has a path of length k. Let the vertices 
of this path be, in order, vx . . . . .  vk+l. We order the vertices of T'  
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vl . . . . .  Vk+x . . . . .  so that L(T ' )  has the form: 
-1  
L(T ' )  = 
-e l  1 
-1  
¢a 
a2 
where 
-1  
-1  ak+l 
O'k +2 .,g. 
"a. 
13 
a~l ,  a2~2 . . . . .  ak~2,  ak+~l  and a t~ l  ( t=k+2 . . . . .  n). 
(2.30) 
We expand the permanent of L(T )  along the row corresponding to the pendant 
vertex v to get 
per L(T)  = per L(T ' )  + 2 per A, (2.31) 
where A is the matrix obtained from L(T ' )  by deleting the row and column 
corresponding to the vertex w. There are two cases to consider. Suppose first that 
w is not one of the vertices Vx . . . . .  vk+l. Then it follows that 
per A >~per L(Pk+I)  = per Qk +per  Qk-l. (2.32) 
Hence (2.31), (2.32) the inductive assumption and CoroNary 2.11 give 
perL (T )>~perL(B(n -1 ,  k, n -k -  1 )+2per  Qk_~+2 per Qk 
>per  L(B(n ,  k, n - k). 
Now suppose that w is one of the vertices Vl . . . . .  Vk+l. Without loss of generality 
we may assume w = vj where 1 ~]  ~½(k + 2). We now compute that 
per A >~per Qi-1 per Ok+i-~ (2.33) 
with equality only if all inequalities in (2.30) are equalities except for the one 
involving a/. Using Corollary 2.13 in (2.33) we conclude that 
per A ~>per Qk-x (2.34) 
with equality only if ] = 2. 
But then (2.31), (2.34) the inductive assumption and Corollary 2.11 again give 
that 
per L (T )~per  L(B(n ,  k, n - k )), (2.35) 
with equality only if ] = 2. Suppose equality holds in (2.35). Then ] =2,  and 
equality holds in (2.30) for each o~ with i=  1, 3 . . . . .  n, and it follows from the 
inductive assumption that T' is a B(n  - 1, k, n - k - 1). The junction of T' is then 
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",. / .  
Fig. 4. The double star D(5, 4). 
W and T is a B(n, k, n -  k) with junction w. This completes the proof of the 
theorem. 
To conclude this section we determine the minimum permanent of the Lapla- 
cian of a tree with a different kind of constraint. Let T be a tree with n vertices. 
Then in particular T is a connected bipartite graph and hence its vertices can be 
uniquely partitioned into two sets V1 and Vz such that each edge joins a vertex in 
Vx with a vertex in Vz. Let V1 have 19 vertices and Vz have q vertices where 
p+q = n. Then we say that T has a (19, q)-bi19artition. 
Let 19 and q be positive integers. Consider a star with 19 + 1 vertices and attach 
q -  1 pendant edges to a non-central vertex of the star. The resulting tree with 
n =19 +q vertices has a (19, q)-bipartition, is denoted by D(19, q) and is called a 
double-star. The double-star D(5, 4) is pictured in Fig. 4. Note the D(1,~/) and 
D(q, 1) are both stars. 
Alternatively, we regard a double-star as obtained from an edge e = [v, w] by 
attaching p -  1 pendant edges to v and q -  1 pendant edges to w. 
A straightforward evaluation yields the following. 
Lemma 2.15. Let 19 and q be positive integers. Then 
per L(D(p, q)) = (219-1)(2q - 1)+ 1. 
We now show that double-stars have minimum Laplacian permanent for a 
given bipartition. 
Theorem 2.16. Let T be a tree with a (19, q)-bipartition. Then 
per L(T)  >I (219 - 1)(2q - 1) + 1 
with equality if and only if T is a double-star D(19, q). 
(2.36) 
ProoL If p = 1, then T = D(1, q) and the theorem holds. The theorem also holds 
when q = 1, so that we may now assume 19 ~> 2 and q/> 2 and proceed by induction 
on n = 19 + q. Let V1, V2 be the bipartition of the vertices of T with [Vii = 19 and 
IV21 = q. Let v be a pendant vertex and [v, u] a pendant edge where we may 
assume v e Vx and u e V2. We denote the degree of u by d. Let T '  be the tree 
obtained from T by removing the vertex v and edge Iv, u]. Then T '  has a 
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(p -1 ,  q)-bipartition, and it follows by the inductive assumption that 
per  L (T ' )  >! (2p - 3)(2q - 1) + 1 (2.37) 
with equality if and only if T '  is D(p -1 ,  q). 
We now order the vertices of T as v, u, u2 . . . .  , uq, v2 . . . . .  vp where V1 = 
{v, v2 . . . . .  vp} and V2 = {u, u2 . . . . .  uq}. By removing v we obtain an ordering of 
the vertices of T' .  By expanding the permanent of L(T )  along the first row we 
obtain 
per L(T )  = per L(T ' )  + 2 per  B (2.38) 
where B is obtained from L(T )  by deleting rows 1 and 2 and columns 1 and 2 (or 
from L(T ' )  by deleting its first row and column), and has the form 
-d2 
0 
0 
dq B = 
Ct 
C 
e2 
0 
0 ep_ 
(2.39) 
Since T has p + q -  1 edges and u has degree d, C has precisely (p + q -  1 ) -d  
- l ' s .  Since all diagonal entries of (2.39) are positive, it follows that 
per B >t d2" • • dqe2" • • e~ + (p + q - d - 1). (2.40) 
Now d2 +" • • + dq equals (p + q - 1) - d, so that 
d2" ' "  dq1>l - .  • l ( (p+q-d -1) - (q -2 ) )=p-d+l .  (2.41) 
Also, e2 +" • • + ev equals (p + q - 1 ) -  1, so that 
e2" ' "  %1>1" ' "  l ( (p+q-2) - (p -2 ) )=q.  (2.42) 
Since d ~p,  we now obtain from (2.40), (2.41), and (2.42) that 
perB>~q(p-d+l )+p+q-d-1  
>~q • l+q-1  =2q-  1. 
Using (2.37) and (2.38) we now have 
per L(T )  >i (2p - 3)(2q - 1) + 1 + 2(2q - 1) = (2p - 1)(2q - 1) + 1 
which is (2.36). Suppose equality holds in (2.36). Then equality holds in (2.37) so 
that T '  is a D(p - 1, q) and d = p so that T is a D(p, q). Thus the theorem holds 
by induction. 
Let Kp.q denote a complete bipartite graph with a (p, q)-bipartition. 
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Theorem 2.17. Let G be a connected bipartite graph with a (p, q)-bipartition. Then 
(2p - 1)(2q - 1) + 1 ---<per L(G) ~<per L(Kp,q). 
Equality holds on the left if and only if G is a D(p, q). Equality holds on the right if 
and only if G is a Kp... 
]l~too[. The theorem is an immediate consequence of Theorem 2.16 and the 
nonnegativity of the summands in formula (2.3). 
While we have determined the maximum value of the Laplacian permanent of 
trees with n vertices, the maximum value with constraints corresponding to those 
imposed for minimum value seem more difficult. Thus we ask: 
(i) What is the maximum value of the Laplacian permanent of trees with n 
vertices having diameter at most k? 
(ii) What is the maximum value of the Laplacian permanent of trees with n 
vertices having no matching of cardinaiity greater than k? 
(iii) What is the maximum value of the Laplacian permanent of trees with n 
vertices having a (p, q)-bipartition? 
3. Bounds for the Laplacian ratio 
Let G=(V,E)  be a graph whose vertices vt . . . . .  v, have positive degrees 
dt . . . .  , d~, respectively. We define the Laplacian ratio of G to be 
per L(G) 
7r(G) = 
d l " "  d~ " 
Our purpose in this section is to obtain bounds for ~r(G) when G is a tree or, 
more generally, a bipartite graph. We then obtain bounds for the Laplacian 
permanent in terms of the product of the degrees of G. 
Let k be a nonnegative integer, and let Ix be a k-matching which meets vertices 
vl . . . . . .  v6k having degrees ~ . . . . . .  ~2k, respectively. We define dc(tz)= d(tz) by 
d(~) = ~. . .  42~. 
Let -//[k denote the set of all k-matchings of G. We then define "rrk(G) by 
1 
~rk(G)= ~ d(/z)" (3.1) 
Note that "no(G)= 1. 
It follows from Lemma 2.2 that for G a bipartite graph, 
0,/21 
"rr(G) ~> ~ ~'k(G) (3.2) 
k=0 
and that equality holds when G is a tree. 
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For v~ a V, let the neighborhood of vl be defined by 
NG(Vi) ={v/:[vi, vi]~ E}, 
and let 
1 1 
he(v,)=-- Y.  - 
be the harmonic mean of the degrees of the neighbors of v~ in G. 
(3.3) 
(3.4) 
I~mma 3.1. Let O = ( V, E) be a graph with vertices 111 . . . . .  "o n. Then 
~(G)=} T. ho(v,). 
i=1  
(3.5) 
lh~mt. Using (3.1) and (3.3) we calculate that 
w,(G)= ~. 1 -I ~ v ~ ~d i
[~.v l ]~H d i '4  - 2 v qE  v~) 
since each edge is accounted for twice in this double sum. The Eq. (3.5) now 
follows from (3.4). 
"I]heorem 3.2. Let G be a bipartite graph with vertices of positive degree. Then 
~rl(G) >I 1 with equality if and only if G is a complete bipartite graph. 
lh~of. Let V1 ={ul . . . . .  urn}, V2={wl . . . . .  wp} be the bipartition of G. Let the 
degrees of Ux . . . . .  u~ be a~ . . . . .  am, respectively, and those of Wx . . . . .  wp be 
bx . . . . .  b o, respectively. Thus 1 ~< a~ ~< p (i = 1 . . . . .  m) and 1 ~< bi <~ m (1 ~<] ~< p). 
For each vertex u~, 
and 
1 Z 1 
1(  1 )  1 (3.6) h~(~)~> o~. =~. 
Similarly for each vertex wi, 
hG (wj) I> 1/p. (3.7) 
It now follows by Lemma 3.1 that 
t £ ( 1 1 )  ~r,(O)=½ h~(u~)+½ h~(wj)>~J m . - -+p . =1  
i=1  /=1 m 
Equality holds if and only if it holds in (3.6) for each i and in (3.7) for each j. 
Thus equality holds if and only if G is a Km.p. Hence the theorem is proved. 
An argument similar to the above shows the following: If G is a graph with n 
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vertices, each of positive degree, then -n'l(G ) w½n/(n - 1) with equality if and only 
if G is a complete graph. 
From Theorem 3.2 we can obtain an inequality for the Laplacian permanent. 
This inequality is also an immediate consequence of inequalities of Engel and 
Schneider [2, Theorem 3] and Johnson [3, Lemma 2.1]. Our condition for 
equality can be deduced from that given by Engel and Schneider for their 
inequality. 
Theorem 3.3. I f  G is a bipartite graph with vertices of positive degrees dl . . . .  , d,, 
then 
per L (  G) >I 2d, . . . d,  (3.8) 
with equality if and only if G is a star. 
Proof. It follows from (3.2) and Theorem 3.2 that 
I t(G) >I ~ro(G) + qT 1 (G) ~ 2. 
Using (3.2) we conclude that -tr(G) = 2 if and only if lr2(G) = 0, or equivalently, G
is a star. The theorem now follows from the definition of 7r(G). 
It is easy to deduce Theorem 2.4 from Theorem 3.3. We now restrict our 
attention to trees T. Since a star has diameter at most 2, one way to improve 
Theorem 3.3 is to obtain bounds on -a'(T) for trees T with a lower bound on their 
diameter. First we prove the following lemma. 
I ,emma 3.4. Let k be a positive integer. Let T be obtained from a tree T'  by 
adjoining a pendant edge [r, v] to a vertex v of T',  and suppose T has at least one 
k-matching. Then 
"rrk (T) ~ ~rk (T') (3.9) 
with equality if and only if k = 1 and T is a star. 
Proot, Let the degree of v in T be a+l ,  and let v be joined by an edge to 
wl . . . . .  wa in T'. Let b i be the degree of wj in T '  (or T), ] = 1 . . . . .  a. Let/x be a 
matching of T '  which does not meet the vertex v. Then ~ is also a matching of T 
and 
d~(~) = ~, (~) .  
Let M~ denote the set of all k-matchings p. of T '  that meet v. Each such 
matching is also a k-matching of T but dr(/~) ~- dr,(~). Let M~ denote the set of 
all k-matchings of T that meet r. It now follows that 
Irk(T)-Trk(T')= ~ 1 Jr ~. 1 1 
~ d~(~) ~ d~(~) ~ dr:(~)" 
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Each of the matchings/~ in the preceding summations meets v. If we delete this 
edge from/~ we obtain a (k -  1)-matching/z*. Let S(/J.*)___{1 . . . . .  a} be defined 
by: i ~ S(/.t*) if and only if 
(~-~ 1 s(~ 1 dr(N*)l +a- '~  i~ bi i rk (T) -  ~'k (T') = ~. *) 
z 1 1(  1) - 1 - -  ~ - -  
,,* dT(t~*) a + 1 a i~s(~*~ bi " 
Since IS(~*)l<~a, L~s~.*~ 1/b, <~a and (3.9) follows. Equality can hold in (3.9) 
only if IS(~*)l = a and b~ = 1 for i e S(/z*), in which case T is a star. The lemma 
now follows. 
there is no edge of ~* meeting wl. It then follows that 
1 ~ 1 
Corollary 3.5. Let T be a tree and let T* be a subtree of T with T* ~ T. Then 
.tr( T) >~ 7r( T*) with equality if and only if T is a star. I f  k is a positive integer and T 
has a k-matching, then 7rk(T)>~rrk(T *) with equality if and only if T is a star. 
Theorem 3.6. Let T be a tree with diameter m. Then "rr( T) >t 7r(P,,+x) with equality 
if and only if T is the path P,,+I or a star. 
Proot. Since T has diameter m, T has a P,,÷I as a subtree. The result now follows 
from Corollary 3.5. 
We note that since 7r(Pm+l)= (per L(Pm+I))/2 "-1, ¢r(P,,+l) can be computed 
using the recurrence (2.10) or the formula (2.12). It T is not a star, then T has 
diameter at least 3. Since "rr(P4)= 2~, it follows that "rr(T)~>s. We obtain a better 
bound which takes into account he number of vertices of T. 
Theorem 3.7. Let T be a tree with n vertices which is not a star. Then 
"rr( T) >I 3 - 1/(n - 2) (3.10) 
with equality if and only if T is obtained from a star by adjoining an edge to a 
pendant vertex. 
l[~root. First suppose T has diameter at least 4. Then by Theorem 3.6, -a-(T)~> 
"rr(P5) = 3. Hence (3.10) holds as a strict inequality. Since T is not a star, we may 
now assume T has diameter 3. It follows that T has exactly two non-pendant 
vertices u and v. Suppose u and v have degrees a and b, respectively (see Fig. 5). 
14 t~ 
Fig. 5. 
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An easy calculation shows that 
• "(T) = 4 -2(n  - 1)/ab. 
Since a+b = n, a>~2 and b~2,  it follows that ab>-2(n -2)  with equality if and 
only if a or b is 2. The theorem now follows. 
Corollary 3.8. Let T be a tree whose vertices have degrees dl . . . .  ,4 ,  respectively. 
I f  T is not a star, then 
per L (T )>~(3-n - -~)d l  " " cl~, 
with equality if and only if T is obtained from a star by adjoining an edge to a 
pendant vertex. 
It follows from Theorem 3.3 that the minimum value of the Laplacian ratio of 
trees with n vertices is 2. From Theorem 3.7 it follows that the minimum value of 
the Laplacian ratio of trees with n vertices having a 2-matching (or having 
diameter at least 3) is 3 -1 / (n -2 ) .  More generally, we may ask the following 
questions: " 
(i) What is the minimum value of the Laplacian ratio of trees with n vertices 
having diameter at least k? 
(ii) What is the minimum value of the Laplacian ratio of trees with n vertices 
having a k-matching? 
As indicated above, (i) has been answered for k~3;  while (ii) has been 
answered for k ~2.  Similarly we may ask: 
(iii) What is the maximum value of the Laplacian ratio of trees with n vertices? 
When the trees have diameter at most k? When the cardinality of a matching is at 
most k? 
While the path P~ has the largest Laplacian permanent of trees with n vertices, 
it does not in general have the largest Laplacian ratio. For example when n = 8, 
the tree drawn in Fig. 6 has Laplacian ratio equal to 5-~, while 1r(Ps)= 5~. 
It is possible to give upper estimates for the Laplacian ratios of matrices of trees 
by using known inequalities for permanents. These estimates are not good ones 
unless they take account of the special structure of the Laplacian matrix of tree. It 
should be noted that any such bound must be exponential in n. This is because it 
Fig. 6. 
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follows from formula (2.12) for per L (P . )  that 
w(P.)  ~ 2(2 -  x/2) as n --~ oo. 
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